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Abstract

Sobolev orthogonal polynomials with respect to measures supported on subsets of the

complex plane are considered. The connection between the following properties is studied: the

multiplication operator MpðzÞ ¼ zpðzÞ defined on the space P of algebraic polynomials with

complex coefficients is bounded with respect to the norm defined by the Sobolev inner

product, the supports of the measures are compact and the zeros of the orthogonal

polynomials lie in a compact subset of the complex plane. In particular, we prove that the

boundedness of the multiplication operator M always implies the compactness of the

supports.

r 2003 Elsevier Science (USA). All rights reserved.

1. Introduction

It is well known that inner products defined on the linear space of polynomials P
as

/p; qS ¼
Z

p %q dm; ð1Þ
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where m is a positive Borel measure with supp mDR are characterized for the
symmetry of the multiplication operator

M :P-P;

MðpÞ ¼ zpðzÞ; ð2Þ

that is, an inner product defined on P satisfies /zpðzÞ; qðzÞS ¼ /pðzÞ; zqðzÞS for all
p; qAP; if and only if /;S is defined as in (1) where m is a positive measure with
supp mDR:
The fact that the multiplication operator is symmetric for /;S has a number of

important consequences. The three-term recurrence relation for the sequence of
orthonormal polynomials with respect to /;S is the most important (they are, in
fact, equivalent properties, see [2, Introd.]). Another important consequence is also
the equivalence of the following three properties:

(i) The multiplication operatorMpðzÞ ¼ zpðzÞ is bounded with respect to the norm
defined by the inner product.

(ii) The zeros of the orthogonal polynomials with respect to the inner product lie in
a compact set.

(iii) The support of the measure m is compact.

Actually, (i) always implies (ii) (see [4]), and (i) is equivalent to (iii) also for the more
general case of inner products as in (1) where m is now a measure with supp mDC:
But even in that case, some examples can be easily found showing that (ii) does not
imply (iii) (see Example 1 in the next section).
The aim of this paper is to explore the connection between the above properties (i),

(ii) and (iii) for Sobolev inner products.
Let m be a finite positive Borel measure supported in a subset of the complex plane.

Let W ¼ ðwi;jÞN
i;j¼0 be a matrix of integrable functions with respect to m which it is

positive semidefinite m a.e., i.e, WðzÞ ¼ ðwi;jðzÞÞN
i;j¼0 is positive semidefinite for any

complex number z except for at most a set of m measure zero. We consider the
following Sobolev inner product defined on the space P of algebraic polynomials
with complex coefficients

/p; qS ¼
XN

k¼0

Z
ðpðzÞ; p0ðzÞ;y; pðNÞðzÞÞWðzÞ

qðzÞ
q0ðzÞ
^

qðNÞðzÞ

0BBBB@
1CCCCA dmðzÞ: ð3Þ

As usual, f ðkÞ denotes the kth derivative of a function f and the norm of a

polynomial pAP with respect to the Sobolev inner product is just jjpjj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/p; pS

p
:

We will assume that supp m ¼
SN

k¼0 supp wk;k contains infinitely many points

and that WðtÞ is positive definite for at least an infinite subset of supp m:
Therefore, a unique sequence of monic orthogonal polynomials, which
will be denoted by ðqnÞnX0; is associated with (3). For each nAN; the degree of qn
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is exactly n: The more studied Sobolev inner product appears when the matrix
W is taken to be diagonal: W ¼ diagfw0;y;wNg; then the Sobolev inner product
reduces to

/p; qS ¼
XN

k¼0

Z
pðkÞðzÞqðkÞðzÞwkðzÞ dmðzÞ ¼

XN

k¼0
/pðkÞ; qðkÞSL2ðwk dmÞ; ð4Þ

with the usual Sobolev norm

jjpjj ¼
XN

k¼0
jjpðkÞjj2wk

 !1=2

; where jjpjj2wk
¼
Z

jpðzÞj2wk dmðzÞ; k ¼ 0;y;N:

ð5Þ

Sobolev orthogonal polynomials have attracted much attention in the past decade
(especially the diagonal case). Many papers on the subject deal with the algebraic
aspects of the theory. In this direction, we call attention to the recent papers [4,5]
which deal with the zero distribution of Sobolev orthogonal polynomials assuming
that m has compact support, and [3] for zero location of nonstandard orthogonal
polynomials including that of Sobolev type.
The key concept to establish the boundedness of the multiplication operator for

Sobolev inner product is that of the sequentially dominated measures which was
introduced by Lopez and Pijeira in [5]:

Definition 1. Given a measure m with support in the complex plane and nonnegative

functions wkAL1ðmÞ; k ¼ 0;y;N; the measures mk ¼ wk dm; k ¼ 0;y;N; are said to

be sequentially dominated if they satisfy wk=wk
1ALNðmÞ; k ¼ 1;y;N:

The property of sequential domination for measures with compact support always
implies the boundedness of the multiplication operator for the Sobolev inner product
defined by those measures [4, Section 2]. This result was originally given in [5,
Theorem 1] for the case supp mDR; moreover Rodrı́guez gave in [6] the following
characterization for the boundedness of the multiplication operator for Sobolev
inner products:

Proposition 1 (Rodrı́guez [6, Theorem 4.1]). Let /;S be the Sobolev inner product

defined by (4) where m has compact support. The multiplication operator is bounded for

this inner product if and only if the norm (5) is equivalent to the norm defined by a

family of measures *mk ¼ w̃k dm; k ¼ 0;y;N; which is sequentially dominated.

Moreover, in this case we can take the nonnegative functions w̃kAL1ðmÞ to be w̃k ¼
wk þ wkþ1 þ?þ wN :

We prove in this note that the boundedness of any power of the multiplication
operator for a general Sobolev inner product as in (3) always implies the
compactness of the support of the measure (Section 2); we also give some examples

showing that the converse is not true, and that M2 can be bounded and M not. It
still remains as an open question whether the properties (ii) and (iii) above are also
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equivalent for Sobolev inner products with supp mDR and to prove or disapprove
that (iii) implies (ii) when supp mDC:
An important tool in our research will be the matrix approach presented in [3] for

the location of the zeros of orthogonal polynomials with respect to nonstandard
inner products (see Section 3). Using it, we give the following characterization of
sequentially dominated measures:

Proposition 2. Let m be a positive measure with support in the complex plane and

consider nonnegative functions wkAL1ðmÞ; k ¼ 0;y;N: Then, the measure m has

compact support and the measures mk ¼ wk dm; k ¼ 0;y;N; are sequentially

dominated if and only if there exists Z40 such that the matrix AðtÞ :¼ ZWðtÞ 

GðtÞWðtÞG�ðtÞ is positive semidefinite for m almost every tAsupp m; where W ¼
diagfw0;y;wNg and

GðtÞ ¼

t 1 0 y 0

0 t 2 0 y 0

0 0 & & ^

^

y t N

0 y 0 t

0BBBBBBBBB@

1CCCCCCCCCA
:

2. Compactness of the measure’s support

We will now prove that the boundedness of any power of the multiplication
operator for a general Sobolev inner product always implies the compactness of the
measure’s support.

Theorem 1. Let /;S be the Sobolev inner product defined by (3). If for some kX1;

jjMkjjoN then
SN

k¼0 suppðwk;k dmÞCfzAC: jzjpjjMkjj1=kg: (Actually, it is enough

to assume Mk bounded on the sequence of monomials ðznÞn).

Proof. Notice that jjzknjjpjjMkjjn � jjz0jj; nX1; which implies that

jjzknjj2pjjMkjj2n
C:

Write mk; k ¼ 0;y;N; for the measure dmk ¼ wk;k dm and suppose that there exists

e40 and k0: 0pk0pN such that mk0
ðfz: jzj4jjMkjj1=k þ egÞ40; we take k0 the

biggest one satisfying that property. Write A ¼ fz: jzj4jjMkjj1=k þ eg and ak;n;i ¼
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knðkn 
 1Þ?ðkn 
 i þ 1Þ; i ¼ 1;y;N; hence,

jjMkjj2n
CX jjzknjj2 ¼

Z
ðzkn; ðzknÞ0;y; ðzknÞðNÞÞWðzÞ

zkn

ðzknÞ0

^

ðzknÞðNÞ

0BBBBB@

1CCCCCA dmðzÞ

¼
Z

jzj2ðkn
NÞðzN ; ak;n;1z
N
1;y; ak;n;NÞWðzÞ

zN

ak;n;1zN
1

^

ak;n;N

0BBBB@
1CCCCA dmðzÞ

X

Z
A

jzj2ðkn
NÞðzN ; ak;n;1z
N
1;y; ak;n;NÞWðzÞ

zN

ak;n;1zN
1

^

ak;n;N

0BBBB@
1CCCCA dmðzÞ

X ðjjMkjj1=k þ eÞ2ðkn
NÞ
Z

A

ðzN ; ak;n;1z
N
1;y; ak;n;NÞWðzÞ



zN

ak;n;1zN
1

^

ak;n;N

0BBBB@
1CCCCA dmðzÞ;

from the choice of k0 follows that miðAÞ ¼ 0 for i4k0; the last formula gives then

jjMkjj2n
CX ðjjMkjj1=k þ eÞ2ðkn
NÞ

Z
A

ðzN ;y; ak;n;k0z
N
k0 ; 0;y; 0ÞWðzÞ



zN

^

ak;n;k0z
N
k0

0

^

0

0BBBBBBBBB@

1CCCCCCCCCA
dmðzÞ

X a2k;n;k0ðjjM
kjj1=k þ eÞ2ðkn
NÞ

Z
A

zN

ak;n;k0

;y; zN
k0 ; 0;y; 0

 �
WðzÞ
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zN=ak;n;k0

^

zN
k0

0

^

0

0BBBBBBBBB@

1CCCCCCCCCA
dmðzÞ: ð6Þ

Since for 0piok0; the sequence ak;n;i=ak;n;k0 tends to 0 as n tends to N; we get that

lim
n

Z
A

zN

ak;n;k0

;y; zN
k0 ; 0;y; 0

 �
WðzÞ

zN=ak;n;k0

^

zN
k0

0

^

0Þ

0BBBBBBBBB@

1CCCCCCCCCA
dmðzÞ

¼
Z

A

jzj2ðN
k0Þ dmk0

XðjjMkjj1=k þ eÞ2ðN
k0Þmk0
ðAÞ:

Hence, by taking d40 small enough (6) gives

CjjMkjj2n
X

da2k;n;k0
ðjjMkjj1=k þ eÞ2k0

ðjjMkjj1=k þ eÞ2kn;

that is,

CX

da2k;n;k0
ðjjMkjj1=k þ eÞ2k0

ðjjMkjj1=k þ eÞ2k

jjMkjj2

 !n

;

which is a contradiction because the expression on the right of this inequality tends
to infinity when n tends to infinity. &

As the following example shows, if the support of the measure is not contained in
the real line, the boundedness of the set of zeros of the orthogonal polynomials does
not imply the boundedness of any power of the multiplication operator, even in the
standard case:

Example 1. Consider the Sobolev inner product (4) for N ¼ 0; the measure m0 ¼P
kX1

yk

2k; with yk ¼ dy
2pk

; where y is the Lebesgue measure supported in the circle of

center 0 and radio k; which reduces to the standard product

/p; qS ¼ 1

2p

Z
C

pðzÞn
pðzÞm

dm0:
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In this case, the corresponding orthonormal polynomials are the monomials

zn; nX0: We have that m0ðCÞ ¼
P

N

k¼1
ykðCÞ
2k ¼

P
N

k¼1
1
2k ¼ 1: The support of m0 is

unbounded, which according to Theorem 1 implies that any power of the
multiplication operator is unbounded despite the boundedness of the corresponding
set of zeros.

In order to complete Theorem 1, some examples will show that in contrast with the
case of standard orthogonality:

* if m is supported in the real line, neither the compactness of the support of the
measure m in (4) nor the boundedness of the set of zeros of the corresponding
Sobolev orthogonal polynomials imply the boundedness of any power of the
multiplication operator;

* M can be unbounded and M2 bounded.

Example 2. Consider the Sobolev inner product (4) for N ¼ 1; the measure m ¼
lþ d1=2; where l is the Lebesgue measure dl ¼ dx with support ½1

2
; 1� and the

functions w0ðxÞ ¼ wð1
2
;1�ðxÞ and w1ðxÞ ¼ wf1=2gðxÞ; which reduces to the product

/p; qS ¼
Z
½1
2
;1�

pðxÞ %qðxÞ dx þ p0ð1=2Þq0ð1=2Þ: ð7Þ

Proposition 3.3 of [1] shows that the set of zeros of the orthogonal polynomials with
respect to this inner product are bounded.
We now prove that any power of the multiplication operator is unbounded. Take

the sequence of polynomials tnðxÞ ¼ ððx 
 1=2Þ2 
 1Þn; nX0; they satisfy the
inequalities, nX0;

/xktn; xktnS ¼
Z 1

1=2

x2kððx 
 1=2Þ2 
 1Þ2n
dx þ k2 1

2

 �2k
2
Xk2 1

2

 �2k
2
;

and

/tn; tnS ¼
Z 1

1=2

ððx 
 1=2Þ2 
 1Þ2n
dx:

But jðx 
 1=2Þ2 
 1jo1; xAð1=2; 1�; hence ððx 
 1=2Þ2 
 1Þ2n tends to 0 on ð1=2; 1� as
n tends to N; and so /tn; tnS tends to 0 as n tends to N; this implies that Mk is not
bounded.

Example 3. We now show another example of Sobolev inner product for whichM is

not bounded, M2 is bounded and whose orthogonal polynomials have bounded
zeros. In this case, the measure m1 does not reduce to a Dirac delta as in the previous
example: moreover the set suppðm1Þ\suppðm0Þ is infinite. Indeed, we take m ¼
lþ d0 þ d1=4 þ d
1=4; where l is now the Lebesgue measure dl ¼ dx with support

½
1;
1
4
�,½1

4
; 1�
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and the functions w0ðxÞ ¼ w½
1;
1
2
�,½1

2
;1�,f
1=4;1=4gðxÞ and w1ðxÞ ¼

w½
1;
1=4Þ,f0g,ð1=4;1�ðxÞ; which reduces to the product

/p; qS1 ¼
Z
½
1;
1

2
�,½1

2
;1�

pðxÞ %qðxÞdx þ pð
1=4Þqð
1=4Þ þ pð1=4Þqð1=4Þ

þ p0ð0Þq0ð0Þ þ
Z
½
1;
1

4
�,½1

4
;1�

p0ðxÞq0ðxÞ dx; ð8Þ

we then have that suppðm1Þ\suppðm0Þ ¼ ð
1=2;
1=4Þ,f0g,ð1=4; 1=2Þ: We first
prove that the operator of multiplication by t is not bounded for this inner product,

but the operator of multiplication by t2 is however bounded. To do this consider the
inner product /;S2 defined as /;S1 but removing the point 0 from the support of
w1; that is

/p; qS2 ¼
Z
½
1;
1

2
�,½1

2
;1�

pðxÞ %qðxÞdx þ pð
1=4Þqð
1=4Þ þ pð1=4Þqð1=4Þ

þ
Z
½
1;
1

4
�,½1

4
;1�

p0ðxÞq0ðxÞ dx: ð9Þ

By writing pðtÞ ¼ pð1=4Þ þ
R t

1=4 p0ðxÞ dx; 1=4pt; we deduce for 1=4ptp1 that

jpðtÞjpjpð1=4Þj þ
Z 1

1=4

jp0ðxÞj dxpjpð1=4Þj þ
ffiffiffi
3

p

2
jjp0jjL2ð½1=4;1�Þ;

analogously, for 
1ptp
 1=4

jpðtÞjpjpð
1=4Þj þ
ffiffiffi
3

p

2
jjp0jjL2ð½
1;
1=4�Þ:

This gives that

jjp þ xp0jjL2ð½
1;
1=4�,½1=4;1�Þp jjpjjL2ð½
1;
1=4�,½1=4;1�Þ þ jjxp0jjL2ð½
1;
1=4�,½1=4;1�Þ

p
ffiffiffi
3

p

2
ðjjpjjLNð½
1;
1=4�Þ

þ jjpjjLNð½1=4;1�ÞÞ þ jjp0jjL2ð½
1;
1=4�,½1=4;1�Þ

p
ffiffiffi
3

p

2
ðjpð
1=4Þj þ jpð1=4ÞjÞ þ 7

4
jjp0jjL2ð½
1;
1=4�,½1=4;1�Þ:
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From where it follows that the operator of multiplication by t is bounded for /;S2:

/xp; xpS2 ¼ jjxpjj2L2ð½
1;
1=2�,½1=2;1�Þ þ
1

16
ðjpð
1=4Þj2 þ jpð1=4Þj2Þ

þ jjp þ xp0jj2L2ð½
1;
1=4�,½1=4;1�Þ

p jjpjj2L2ð½
1;
1=2�,½1=2;1�Þ þ
1

16
ðjpð
1=4Þj2 þ jpð1=4Þj2Þ

þ
ffiffiffi
3

p

2
jpð
1=4Þj þ

ffiffiffi
3

p

2
jpð1=4Þj þ 7

4
jjp0jjL2ð½
1;
1=4�,½1=4;1�Þ

 !2

p jjpjj2L2ð½
1;
1=2�,½1=2;1�Þ þ
1

16
ðjpð
1=4Þj2 þ jpð1=4Þj2Þ

þ 3
3

4
jpð
1=4Þj2 þ 3

4
jpð1=4Þj2 þ 49

16
jjp0jj2L2ð½
1;
1=4�,½1=4;1�Þ

 �
p

147

16
ðjjpjj2L2ð½
1;
1=2�,½1=2;1�Þ þ jpð
1=4Þj2 þ jpð1=4Þj2

þ jjp0jj2L2ð½
1;
1=4�,½1=4;1�ÞÞ

¼ 147

16
/p; pS2:

As a consequence, we have that the operator of multiplication by t2 is bounded for
/;S1:

/x2p; x2pS1 ¼ /x2p; x2pS2p 147
16

� �2/p; pS2p 147
16

� �2/p; pS1:

However, the operator of multiplication by t is not bounded for /;S1: indeed,

taking tnðxÞ ¼ ðx2 
 1Þn; an easy calculation gives

/xtn; xtnS1X1; nX0;

and

/tn; tnSp 3
4

� �2nþ2 15
16

� �2nþ6n2 15
16

� �2n
2
; nX2:

This shows that the operator of multiplication by t is not bounded for /;S1:
We now prove that, however, the set of zeros of the orthogonal polynomials pn;

nX0; with respect to the Sobolev inner product /;S1; is bounded. Indeed, the
symmetry of this Sobolev inner product with respect to the origin shows that p2n is
an even polynomial and p2nþ1 is odd. As a consequence if a is a zero of pn then so is


a: If a is a zero of pn; we can then write pnðzÞ ¼ ðz2 
 a2Þq; from where it follows
that

0 ¼ /pn; qS1 ¼ /z2q; qS1 
/a2q; qS1:

Since M2 is bounded for this inner product, we have that

jaj2/q; qS1 ¼ j/z2q; qS1jp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/z2q; z2qS1/q; qS1

p
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jjM2jj

q
/q; qS1;

from where we get that the zeros are bounded.
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3. Sequentially dominated measures: a matrix approach

We prove in this section the characterization of sequentially dominated measures
given in Proposition 2 (see the Introduction). To do this, we need to introduce the
matrix approach presented in [3] for the location of zeros of Sobolev orthogonal
polynomials.
Let us consider an inner product of the form

/p; qSW ¼
Z

ðT0ðpÞ;y;TNðpÞÞWðzÞðT0ðqÞ;y;TNðqÞÞ� dmðzÞ; ð10Þ

where (i) T0;y;TN are linear operators in the space P; (ii) WðzÞ is a positive definite
matrix of integrable functions with respect to the positive measure m supported on a
subset of the complex plane.
Here, we will assume that W is a diagonal matrix

W ¼ diagfw0;w1;y;wNg; wkAL1ðmÞ; wkX0; k ¼ 0; 1;y;N;

and T0 ¼ I ; T1 ¼ D; T2 ¼ D2;y;TN ¼ DN ; where Dj represents the differential
operator of order j: Therefore, the inner product (10) reduces to the Sobolev inner
product (4).
The main advantage of this matrix approach is that it allows to represent the

multiplication operator in terms of a simple matrix product. Indeed,

ðzp; ðzpÞ0y; ðzpÞðNÞÞ ¼ ðp; p0;y; pðNÞÞG;

where

G ¼

z 1 0 y 0

0 z 2 0 y 0

0 0 & & ^

^

y z N

0 y 0 z

0BBBBBBBBB@

1CCCCCCCCCA
:

Since

/zp; zpSW ¼
Z

ðp; p0;y; pðNÞÞ½GWG��ðp; p0;y; pðNÞÞ� dm;

we find that the multiplication operator is bounded if and only if there exists Z40
such thatZ

ðp; p0;y; pðNÞÞ½ZW 
 GWG��ðp; p0;y; pðNÞÞ�dmX0; for all pAP: ð11Þ

Thus, the following sufficient condition for the boundedness of the multiplication
operator holds: there exists Z40 such that

ZW 
 GWG�
X0; m a:e: ð12Þ
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However, this is not a necessary condition for the boundedness of the multiplication
operator. Indeed, the inner product /;S2 of Example 3 is a counterexample; we have
proved that the operator of multiplication by t is bounded for this inner product. But

AðtÞ ¼ ZW 
 GWG� ¼
ðZ
 t2Þw0ðtÞ 
 w1ðtÞ 
tw1ðtÞ


tw1ðtÞ ðZ
 t2Þw1ðtÞ

 !
;

if we take tAð
1=2;
1=4Þ,ð1=4; 1=2Þ; the matrix AðtÞ reduces to

AðtÞ ¼

1 
t


t ðZ
 t2Þ

 !
which for any Z40 is not positive semidefinite.
However, the property (12) turns out to be equivalent to the sequential

domination of the measures mk ¼ wk dm; k ¼ 0;y;N; as we prove now.

Proof of Proposition 2. We start by proving that if there exists Z40 such that the
matrix A ¼ AðZÞ ¼ ZW 
 GWG� is positive semidefinite m a.e., then the measures
mk ¼ wk dm; k ¼ 0;y;N; which define the Sobolev inner product (4) are sequentially

dominated and supp m ¼
SN

k¼0 suppwk is a compact set of the complex plane.

It is easy to find the following expression for the matrix A ¼ ZW 
 GWG�:

A ¼

a0ðzÞ 
b1ðzÞ 0 y 0


b1ðzÞ a1ðzÞ 
b2ðzÞ 0 ^

0 
b2ðzÞ a2ðzÞ 
b3ðzÞ 0 y

^ & & &

0

aN
1 
bNðzÞ
0 y 0 
bNðzÞ aNðzÞ

0BBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCA
;

where

ajðzÞ ¼
ðZ
 jzj2Þwj 
 ðj þ 1Þ2wjþ1; j ¼ 0; 1;y;N 
 1;

ðZ
 jzj2ÞwN ; j ¼ N;

(

bjðzÞ ¼ jzwjðzÞ; j ¼ 1;y;N:

Let Z40 be such that the matrix A is positive semidefinite m a.e. Then, for all

j ¼ 0; 1;y;N; in particular it holds ajðzÞX0 m a.e. For j ¼ N this gives ðZ

jzj2ÞwNðzÞX0; m a.e.; thus, we can assume that the function wNðzÞ is supported in
fz : jzjp ffiffiffi

Z
p g: For j ¼ 0;y;N 
 1; we also have

ðZ
 jzj2ÞwjðzÞ 
 ðj þ 1Þ2wjþ1ðzÞX0; m a:e: ð13Þ
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Thus, we also deduce that the functions wjðzÞ; j ¼ 0;y;N 
 1; can be supported in

fz: jzjp ffiffiffi
Z

p g: Taking now into account that supp m ¼
SN

k¼0 supp wk; we find that the

support of the measure m is compact.
From (13) we also conclude that m a.e. if wjðzÞ ¼ 0 then wjþ1ðzÞ ¼ 0; thus on the

support of m

wjþ1ðzÞ
wjðzÞ

p
ðZ
 jzj2Þ
ðj þ 1Þ2

p*Z; j ¼ 0;y;N 
 1;

which implies that the measures mk ¼ wk dm; k ¼ 0;y;N; are sequentially
dominated.
In order to prove the converse result, we assume that the measures mk ¼ wk dm;

k ¼ 0;y;N; which define the Sobolev inner product (4) are sequentially dominated

and supp m ¼
SN

k¼0 supp wk is a compact set of the complex plane. Then we have

that there exists a constant c40 such that for j ¼ 0;y;N 
 1;

wjþ1ðzÞpcwjðzÞm a:e: ð14Þ

Notice that

GðzÞWðzÞGðzÞ� þ Gð
zÞWðzÞGð
zÞ� ¼ 2 diagðGðzÞWðzÞGðzÞ�Þ

and hence AðZÞ will be positive semidefinite m a.e. for some Z if this is true for
*A ¼ *AðZÞ ¼ ZWðzÞ 
 2 diagðGðzÞWðzÞGðzÞ�Þ:
For the matrix *A; we have the expression

*A ¼ diagfw0ðZ
 2jzj2Þ 
 2w1;y;wjðZ
 2jzj2Þ


 2ðj þ 1Þ2wjþ1;y;wNðZ
 2jzj2Þg; j ¼ 0; 1;y;N 
 1:

Let M be such that supp mCfz: jzjpMg: We can choose Z large enough

(independently of z) such that Z
 2ðN2c þ M2ÞX0 and hence, taking (14) into

account, the matrix *A will be positive semidefinite m a.e. &

As a corollary, it follows from Proposition 2 and (11) that sequential domination
of measures with compact support implies the boundedness of the multiplication
operator, which gives an alternative proof to the result of López–Pijeira in [5,
Theorem 1]:

Corollary 1. Let m be a positive measure with compact support in the complex plane

and consider the Sobolev inner product /;S defined by (4). If the measures mk ¼ wk dm;
k ¼ 0;y;N; are sequentially dominated then there exists Z40 such that

/zp; zpSpZ/p; pS; pAP:
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Appendix

The purpose of this appendix is, for the sake of completeness, to present a
simplified proof of the characterization of the boundedness of the multiplication
operator for Sobolev inner products given by Rodrı́guez in [6, Theorem 4.1] (see
Proposition 1 in the Introduction of this paper). The proof uses the same arguments
given in [6], which also work for measures having support on the complex plane.
We are going to show that the multiplication operator is bounded if and only if the

norm (5) is equivalent to the norm defined by the matrixeWW ¼ diagfw0 þ w1 þ?þ wN ;w1 þ w2 þ?þ wN ;y;wN
1 þ wN ;wNg;

that is, there exists Z40 satisfying

jjzpjjWpZjjpjjW for all pAP ðA:1Þ

if and only if there exists a positive constant C such that

jjpjjWpjjpjj eWWpCjjpjjW : ðA:2Þ

The first of the previous inequalities is straightforward taking into account the

definition of the matrix eWW :However, in order to prove the second inequality in (A.2)
we have to show that there exists a constant C40 such that the following inequality
takes place:

Cjjpjj2WXjjpjj2w1þw2þ?þwN
þ jjp0jj2w2þw3þ?þwN

þ?þ jjpðN
1Þjj2wN
: ðA:3Þ

Taking into account Theorem 1, we can omit the hypothesis supp m compact and
state the following result:

Theorem A.1. If the multiplication operator MðpðzÞÞ ¼ zpðzÞ is bounded with respect

to the Sobolev norm (5) then the inequality (A.2) holds.

We point out that the reciprocal assertion in Theorem A.1 is also true assuming

supp m compact: since eWW is sequentially dominated, according to the Corollary 1 the
multiplication operator is bounded.

Proof. In order to prove Theorem A.1, it remains to show that the inequality (A.3)
holds. For this purpose we will make use of the following.

Lemma A.1. If jjMjjoN then for all pAP it holds

jjpðlÞjjwj
pð2jjMjjÞj
l jjpjjW ; 0plpjpN: ðA:4Þ
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Proof. Taking into account the definition of the norm in (5) for l ¼ j one obtains the

trivial inequality jjpðjÞjjwj
pjjpjjW : Thus, we can assume j4l:

For each 0plojpN the following inequality takes place:

jjðzpÞlþ1jjwj
¼ jjzpðlþ1Þ þ ðl þ 1ÞpðlÞjjwj

Xðl þ 1ÞjjpðlÞjjwj

 jjzpðlþ1Þjjwj

;

hence,

ðl þ 1ÞjjpðlÞjjwj
pjjzpðlþ1Þjjwj

þ jjðzpÞðlþ1Þjjwj
: ðA:5Þ

We proceed by induction. At first, let j 
 l ¼ 1: Considering (5) one has for each
j ¼ 1;y;N the estimations

jjðzpÞðjÞjjwj
pjjzpjjWpjjMjj � jjpjjW 8pAP:

On the other hand, taking Theorem 1 into account it holds

jjzpðjÞjjwj
pjjMjj � jjpðjÞjjwj

pjjMjj � jjpjjW :

Substituting the previous inequalities in (A.5) one obtains

jjpðj
1Þjjwj
p
2

j
jjMjj � jjpjjW ;

thus the lemma holds true for this particular case.
We now assume (A.3) holds for j 
 l ¼ k: We have to prove that

jjpðj
k
1Þjjwj
pð2jjMjjÞkþ1jjpjjW : ðA:6Þ

Indeed, substituting l ¼ j 
 k 
 1 in (A.5) one obtains the inequality

ðj 
 kÞjjpðj
k
1Þjjwj
pjjMjj � jjpðj
kÞjjwj

þ jjðzpÞðj
kÞjjwj
:

The inequality (A.6) follows using the induction hypothesis. &

To complete the proof of (A.3), considering (5) and Lemma A.1, for each l ¼
0; 1;y;N 
 1 we have the estimation

jjpðlÞjj2wlþ1þwlþ2þ?þwN
¼
XN

j¼lþ1
jjpðlÞjj2wj

p
XN

j¼lþ1
ð2jjMjjÞ2ðj
lÞjjpjj2W ;

hence, it holdsXN
1

l¼0
jjpðlÞjj2wlþ1þwlþ2þ?þwN

p
XN
1

l¼0

XN

j¼lþ1
ð2jjMjjÞ2ðj
lÞjjpjj2W : &
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